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Abstract 

Let F be any non archimedean locally compact field of residual characteristic p, let 
G be any reductive connected i^-group and let K be any special parahoric subgroup of 
G{F). We choose a parabolic F-subgroup P of G with Levi decomposition P = MN in 
good position with respect to K. Let C be an algebraically closed field of characteristic 
p. We choose an irreducible smooth C-representation V of K. We investigate the natu- 
ral intertwiner from the compact induced representation c-Ind^ V to the parabolically 

induced representation Indp|^j (c-lndjj^|^j^^ y7v(i?)nK)- Under a regularity condition on 
V, we show that the intertwiner becomes an isomorphism after a localisation at a specific 
Hecke operator. When F has characteristic 0, G is F-split and K is hyperspecial, the re- 
sult was essentially proved by Herzig. We define the notion of /^-supersingular irreducible 
smooth C-representation of G{F) which extends Hcrzig's definition for admissible irre- 
ducible representations and we give a list of X-supersingular irreducible representations 
which are supercuspidal and conversely a list of supercuspidal representations which are 
iC-supersingular. 
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1 Introduction 

Let F be a non archimedean locally compact field of residual characteristic p, let G be a 
reductive connnected F-group and let G be an algebraically closed field of characteristic 
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p. We are interested in smooth admissible C-representations of G{F). Two induction 
techniques are available, compact induction c-Ind^^ from a compact open subgroup 
K of G{F) and parabolic induction Indp|]S!j from a parabolic subgroup P{F) with Levi 
decomposition P{F) ~ M{F)N{F) . Here we want to investigate the interaction between 
the two inductions. 

More specifically assume that G(F) = P{F)K and P{F)nK = {M{F)r\K){N{F)nK). 
We construct (Proposition [^TT]) for any finite dimensional smooth C-representation V of 
K, a canonical intertwiner 

lo ■■ c-Ind^^^^ V Indp[^|(c-Ind*^[^]^^ VN(F)nK) , 

where Viv(_F)nif stands for the N{F) Cl X-coinvariants in V, and a canonical algebra 
homomorphism 

S' ■.HiG{F),K,V)^n{M{F),M{F)nK,VN^F)nK) , 

where as in [HV] . the Hecke algebra H{G{F),K,V) is EndG(F) c-Ind^^^^ seen as an 
algebra of double cosets of K in G, and similarly for 'H{M{F), M{F) n K, Vis[{F)nK)- By 
construction 

(/o($(/)))(5)=5'($)(/o(/)(g)), 

for / G c-Ind^^^^ e 'H{G{F),K,V),g G G{F). Let V* be the contragredient repre- 
sentation of V . We constructed in [HVj a Satake homomophism 

S : HiGiF), K, V*) ^ 'H{M{F),M{F) n K, {y*)N{F)nK-^ ^ 

and we show that S' and S are related by a natural anti-isomorphism of Hecke algebras 
(Proposition [23]). 

We study further Iq in the particular case where K a special parahoric subgroup and 
V is irreducible. Such a F is trivial on the pro-p-radical of K . The quotient K/K+ 
is the group of fc-points of a connected reductive A;-group G^, so that we can use the 
theory of finite reductive groups in natural characteristic. We write K/Kj^ = G{k). The 
image of P{F) n -fC = Pq in G{k) is the group of fc-points of a parabolic subgroup of Gk- 
We write P0/-F0 H K+ = P{k), and we use similar notations for AI and N and for the 
opposite parabolic subgroup P = MN (Section 14. ip . We choose a maximal F-split torus 
S" in M such that K stabilizes a special vertex in the apartment of G{F) associated to S. 
We choose an element s G S{F) which is central in M{F) and strictly A''-positive, in the 
sense that the conjugation by s strictly contracts the compact subgroups of N{F). There 
a unique Hecke operator Tm in H{M{F), Mq, VN(k)) with support in AIqs and value at s 
the identity of V/v(fc) • 

Proposition 1.1. (Proposition \4-4\ l The map S' is a localisation atTM- 

This means that S' is injective, Tm belongs to the image of S' , and is central invertible 
in7{(Af(F),Afo,V^jv(fe)), and 

n{M{F) , Afo , T^jv(fe) ) = S' {H{G{F) ,K,V)) [T^,'] . 

This comes from an analogous property of S proved in [HV] . We look now at the locali- 
sation 6 of Iq at Tm 

H{M{F), Mo, V^ik)) ®niG(F)^Ky)^s' c-Ind^^^^ V ^ Ind^j^j (c-Ind;;^|;;;j^^ . 

Our main theorem is 

Theorem 1.2. (Theorem \4-5\ l is injective, and is surjective if and only if V is 
M-coregular. 
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This result was essentially proved by Herzig |Herzig| , [Abe] , when F has characteristic 
0, G is F-split and K is hyperspecial. In the theorem, P = MN is the opposite parabolic 
subgroup of P, and we say that V is A/-corcgular if for /i G if which docs not belong 
to PoPo, the image of /iV^C^) in VN(^k) is 0. See Definition |3J| and CoroUary |320| for an 
equivalent definition. As in Herzig and Abe, we define in the last chapter the notion of a 
iiT-supcrsingular irreducible smooth C-rcprcsentation of G{F). Wc see our main theorem 
as the first step towards the classification of irreducible smooth C-rcprcscntations of G{F) 
in terms of supcrsingular ones. 

To prove the theorem, we follow the method of Herzig and we decompose /q as the 
composite /o = of two G(F)-equivariant maps, the natural inclusion ^ of c-Ind^^ V 
in c-Ind^^^^ c-Indp|j^| V, and 

C : c-Ind^^^^ c-Ind^[^:j V ^ Indp[^j(c-Ind*J[^j^^ V^jv(fe)) , 

is a natural map associated to the quotient map c-Indp|^j V — > Afjv(/c) (see ^ below). 
We write V for the parahoric subgroup inverse image of P{k) in K and T-p for the Hecke 
operator in 'H[G{F), V, VN{k)) of support PsV and value at s the identity of VAr(fe). With 
no regularity assumption on V we prove 

(oT-p =Tmo( . 

Seeing c-Ind^^^' c-Indp|^j V c-Ind^^^^ VN{k) and Indp|pj(c-Indj|;J|pj^^ VAr(fe)) as G[T]- 
modulcs via T-p and T]^J, the map ^ is C[T]-lincar and we prove (Corollarv l6.6p : 

Theorem 1.3. The localisation at T of C *s o,n isomorphism. 

To study ^, we consider the Hecke operator Tq in H{G{F), K, V) with support KsK 
and value at s the natural projector V v^^''\ and the Hecke operator Tk,v from 
c-Indp'^' VAf(fe) to c-Ind^'^^ V of support KsP and value at s given by the natural iso- 
morphism VN^k) -> V^'-'''^ . With no regularity assumption on V we prove 

Assuming that V is M-coregular we prove: 

S'{Tg) = Tm ■ 

Seeing c-Ind^^^^ F as a C[T]-module via Tq = {S')-^{Tm), the map ^ is C[r]-hnear and 

Theorem 1.4. The localisation atT of ^ is injective; it is an isomorphism if and only if 
V is M-coregular. 

Our main theorem follows. 

A motivation for our work is the notion of if-supersingularity for an irreducible smooth 
C-representation tt of G{F) (that we do not suppose admissible). 

Definition 1.5. We say that n is K -supcrsingular when 

n{M{F),Mo,VNik))®niGiF)j<,v).S' HomG(F)(c-Ind^'''V, ^) = 

for any irreducible smooth G -representation V of K and any standard Levi subgroup M ^ 
G. 
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Hence tt is il'-supersingular when the locahsations at Tj\/ of 

HomG(i^) (c-Ind^^^^ V, tt) 

are for aU V and all M ^ G. 

When TT is admissible, this definition is equivalent to : No character of the center 
Z(G(F), K, V) of H(G(F), K, V) contained in HomG(^) (c-Ind^^^' V, tt) extends via S' to 
a character oi Z{M{F),Mo,VN{k)) for all V C tt\k,M ^ G. 

Equivalently: The localisations at Tm of the characters of Z{G{F), K, V) contained in 
HomG(F)(c-Ind^^'^^ V, n) are for aU V C tt\k, M ^ G. 

Herzig and Abe when G is F-split, K is hyperspecial and the characteristic of F is 
( [Herzigl Lemma 9.9), used this property to define ii'-supersingularity. 

The properties of /T-supersingularity and of supercuspidality (not being a subquotient 
of Indp^pj T for some irreducible smooth C-representation r of M{F) ^ G{F)) are equiv- 
alent when G is F-split, K is hyperspecial and the characteristic of F is 0. With the main 
theorem, we obtain a partial result in this direction in our general case. 

Theorem 1.6. Let tt be an irreducible smooth C-representation of G{F). 

i. If TT is isomorphic to a subrepresentation or is an admissible quotient of Indp^^j r 
as above, then tt is not K -supersingular. 

ii. If TT is admissible and 

(1) n{MiF),Mo, VNik)) ®nGiF).K.v),S' HomG(j.)(c-Indf^(^^ V,7r)^0 

for some L-coregular irreducible subrepresentation V of ■k\k and some standard Levi sub- 
groups M C L G, then tt is not supercuspidal. 

2 Generalities on the Satake homomorphisms 

In this first chapter we consider a rather general situation, where C is any field. We 
consider a locally profinite group G, an open subgroup K oi G and a closed subgroup P 
of G satisfying "the Iwasawa decomposition" G = KP. We choose a smooth G[/'Sr]-modulc 
V . As in |HV| . assume that P is the semi-direct product of a closed invariant subgroup N 
and of a closed subgroup M, and that K is the semi-direct product of K O N by K O A4. 
We also impose the assumptions 

(Al) Each double coset KgK in G is the union of a finite number of cosets Kg' and 
the union of a finite number of cosets g" K (the first condition is equivalent to the second 
by taking the inverses). 

(A2) y is a finite dimensional G-vector space. 

The smooth G[-ftr]-module V gives rise to a compactly induced representation c-Ind^ V 
and a smooth G[P]-modulc W gives rise to the full smooth induced representation Indp W. 
We consider the space of intertwiners 

J := HomG(c-Indg V, lnd$ W) . 

By Frobenius reciprocity for compact induction (as K is open in G), the G- module 
is canonically isomorphic to HomK(V, Res§- Indp W^); to an intertwiner / we associate 
the function v i-^ where [l,w]/f is the function in c-Ind^ y with support K and 

value w at 1. By the Iwasawa decomposition and the hypothesis that K is open in G , 
we get by restricting functions to K an isomorphism of G[-R']-modules from Res^ Indp W 
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onto Ind^p,p(Res^pp W). Using now Frobenius reciprocity for the full smooth induction 
Ind^PP from P C] K to K , we finally get a canonical C- linear isomorphism 

J ^RompnK{V,W) 

(we now omit mentionning the obvious restriction functors in the notation); this map 
associates to an intertwiner / the function v (/[I, 

We could have proceeded differently, first applying Frobenius reciprocity to Indp W, 
getting J ~ Homp(c-lnd^ V, W), then identifying Resp c-lnd^ V with c-Ind^^p V, and 
finally applying Frobenius reciprocity to c-Ind^pp V. In this way we also obtain an iso- 
morphism of onto llompriK{V,W), which is readily checked to be the same as the 
preceding one. 

Assume also that is a smooth C[M]-module, seen as a smooth C[P]-module by 
inflation. Then Indp W is the "parabolic induction" of W, and Hompn/<-(V, W) identifies 
with RomKnMiVNnK, W), where Vndk is the space of coinvariants of n in F. With 
that identification, an intertwiner / is sent to the map from Vniik to W sending the image 
V oiv €V in VjynK to {I[1,v]k){1)- By Frobenius reciprocity again Hom/fnJ\/(Vjvn/f , W) 
is isomorphic to Hom^/ (c-Ind^pJ^^ VnciK , W) , so overall we obtain an isomorphism 

(2) j:J = HomG(c-Ind| V, lnd$ W) ^ HoniM (c-Ind^^^M Vnok, W) , 

which associates to I E J the C[Af]-linear map sending [l,v]MnK to (/[I, 

The isomorphism 7 is natural in V and W. The functor W — ?> HomG(c-Ind^ V, Indp W) 
from the category of smooth C[Af]-modules to the category of sets is representable by 
c-lnd^pjv/ VAfnif, and Endg (c-Ind^ y ) embeds naturally in the ring of endomorphisms 
of the functor. By Yoneda's Lemma f jHS] Prop. 4.1 and Cor. 4.2), we have an algebra 
homomorphism 

S' : EndG(c-Ind| V) Endif (c-Ind^/^M 
such that the diagram 



HomG(c-Ind^ V, Indp W) 
b 

HomG(c-Ind| V, Indp W) 



HomM(c-Ind^n^^ Vjvnif, W) 

S'{b) 



IIomA/(c-Ind^^n^^ Vjvnif , W) 



is commutative for any W. We have j{I o 6) = o S'{b) for b S EndcCc-Ind^ V). 

By the naturality of j in W, for any homomorphism a : W' W oi smooth C[Af]- 
modules we have a commutative diagram 



HomcMndf y,Ind^ W) 

Ind(a) 



HomG(c-Ind^ V, Indp W) 



RomM{c-lnd^r^MVNnK,W') 



HomM(c-Ind^nM Vnhk, W) 



for any V. For W = W' we obtain j((Indp a)o I) = ao for a G EndA/(VF). 
For W = c-lnd j^riM Vndk, we write j' = jo, 



jo : IIomG(c-Ind^ V, Indp (c-Ind^^pj^j Vniik)) ^ End^/ (c-Ind^^iA/ VNnK) 



M 
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We define Iq in Home (c-Ind^ Indp (c-Ind^n^z Vndk)) such that jo{Io) is the unit ele- 
ment of EndA/(c-Ind^/pA/ Vnhk)- We have 

jo{{lnd$a) oIq) =a 

for all a in Homjv/(c-Ind^pA^ Vnck, W). For = W = c-Ind^^j^^^ Vndk, we obtain 

(3) io((Ind^a)°/o) = a • 

for a e EndM(c-Ind|^nA^ VNnK)- For b £ EndG(c-Ind| V) we have 

(4) :=jo(/o°6) . 
Applying jg"^ to this equality we deduce from ([3]) 

(5) /oo6= (Ind^5'(6))o/o 

for b G EndG(c-Ind^ V). Summarizing we have proved 
Proposition 2.1. (i) The map 

S' : EndG(c-Ind| V) ^ EndM(c-Ind^/nM VNnK) 

is an algebra homomorphism such that Iq ob = (Indp S' [b)) o Iq for b £ B . 
(a) We have for a in HomA/(c-Ind;^(-,A/ Vn^k, W), 

j((IndpQ;) o/o) a . 

(iii) We have j{l o b) = j{l) o S'{b) for b e B and I m HomG(c-Ind^. V, Ind^ W). 

Remark 2.2. i. An intertwiner / in Home (c-Ind^- V, Indp VF) is determined by the 
values (/[I, v]k)(1) in W, for all v G V,hy the Iwasawa decomposition G ~ PK. We have 

(/o[l,w]if)(l) = [l,v]MnK ■ 
ii. So far we have not used that V is finite dimensional. 

We now want to interpret the previous results in terms of actions of Hecke algebras. 

By Frobenius reciprocity B = EndG(c-Ind^ V) identifies with IIomx(V, Res^ c-Ind^ V), 
as a C-module; to $ G i? we associate the map w i— )> := $([1, from $ then, we 

get a map G Endp V , g t-^ {v ^ $^(g)}. In this way we identify B with the space 
n{G, K, V) of functions $ from G to Endc V such that 

(i) <^(kgk') ~ k o ^{g) o k' for fc, k' in K, g in G, where we have written k, k' for the 
endomorphisms f i— > /cw, w i-> k'v of V; 

(ii) The support of $ is a finite union of double coscts KgK . 

The algebra structure on T-L{G^ K, V) obtained from that of B is given by convolution 
$*vi/(g)= J2 'i'{h)^{h-'g)^ J2 '^i9h-')'^{h) 

heG/J heJ\G 

(the term ^{h)'i/{h~^g){v) vanishes, for fixed g, outside finitely many coscts Kh, so that 
the sum makes sense). Moreover the action of HiG, K,V) on c-Ind^ F is also given by 
convolution 

heG/J heJ\G 
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Proposition 2.3. The homomorphism S' : H{G, K, V) 7^(Af, K D M, Ynhk) is given 
by 

5'($)(m)(tJ) ^ $(nm)(i;) for 

nG{NnK)\N 

where bars indicate the image in Vnok of elements in V . 

Proof. As [l,w]j\fnA: = Io[^,v]k{^) we have for v £ V, 

* [iMMnK - * iUhvUil)) - (5'($)/o([l, v]k))(1) - /o($ * [1,v]k){1) • 

We write the element /o(^*[l, v]K)i^) of c-Indj^^p^^ VArnif as a finite sum of m"-'^ [1, Wm]KnM 
for m running over a system of representatives of M n K\M, where Wm = {Io{^ * 
ll,v]K){l)){m). Then * [1, w]A/nK is the sum of m^^[l,w,n]KnM for m G A/ n A'\Af. 

We compute now Wm- 

Using the Iwasawa decomposition wc write the element of c-Ind^ V as the 

sum of h~^[l,vii]K where Vh = ($([1, = ^{h)(v), for h running over a system of 

representatives of (P D K)\P. As 

iIo{h-'[l,v,])){l) = {h-'lo[l,v,]){l) = (/„[!, t; J = h'\{I,[l,Vhmi)) = m^-.[l,W] 

where nih is the image of h in A/, and m/j-i = m^^, we obtain 

/o($*[l, «])(!)= ™/7'[l'^]= II m-i[l,«;„], 

he{PnK)\p 7ne{MnK)\M 

ne{NnK)\N n£{NnK)\N 

□ 

In |HVj we constructed a Satake homomorphism 

S ■.H{G,K,V)-^n{M,KnM,V^'^'^) , 5($)(m)(i;)= ^ $(mn)(t>) , 

neAr/(ArnK) 

for u G V'^^^ . To compare iS' with S we need to take the dual. Remark that K acts on 
the dual space V* = Iiomc{V,C) of V via the contragredient representation, and that 
the dual of V* is isomorphic to V by our finiteness hypothesis on V. It is straightforward 
to verify that the map 

L:n{G,K,V*)^n{G,K,V) , 6($)(.g) ($(5^^))* , 

where the upper index t indicates the transpose, is an algebra anti-isomorphism. We denote 
the opposite ring of a ring A. A ring morphism f : A ^ B defines a ring morphism 
/° : A° — > such that /''(a) = /(a) for a G A. We view i as an isomorphism from 
niG, K, V*) onto HiG, K,V)°. The linear forms on V which are {N n ii:)-fixed identify 
with the linear forms on V^ok, 

This leads to an algebra isomorphism 

LM ■■ niM, M n K, (l/*)^nif ) ^ ^(^^^ p VivnK)° ■ 

The following proposition describes the relation between the Satake homomorphism S 
attached to V* and the homomorphism S' attached to V. 
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Proposition 2.4. The following diagram is commutative 

n{G, K, V*) — ^ n{M, M n k, (v*)'^''^) 

i I'M 

n{G, K, V)" H{M, MnK, VNnK)°- 

Proof. For v £ V oi image v in Vnok wc liave: 



((tM o5)$)(m)(tJ) = (5($)(m-i)*(iJ) = ^ $(TO-in)*(w) 

n£N/(NnK) 



$((nm)-i)*(w) = o l)(v) . 

ne{NnK)\N 

□ 

3 Representations of G{k) 

Let C be an algebraically elosed field of positive characteristic p, let fc be a finite field of 
the same characteristic p and of cardinal q, and let G be a connected reductive group over 
k. We fix a minimal parabolic fc-subgroup B oi G with unipotent radical U and maximal 
fc-subtorus T. Let S be the maximal fc-split subtorus of T, let W = Wq = ^^(5, G) be the 
Weyl group, let $ = $g be the roots of S with respect to U (called positive), A C <I> the 
subset of simple roots. For a g $, let Ua be unipotent subgroup denoted in ( |BTII| 5.1) 
by C^(a)- A parabolic fc-subgroup P of G containing B is called standard, and has a unique 
Levi decomposition P = MN with Levi subgroup M containing T . The standard Levi 
subgroup P = MU = UM is determined by M. There exists a unique subset Am C A 
such that M is generated by T, Ua, U-a for a in the subset of <& generated by Am- This 
determines a bijcction between the subsets of A and the standard parabolic fc-subgroups 
ofG. _ _ _ _ 

Let S = TC/ be the opposite of B = TU, and P ^ MN the opposite of P. We have 
B = wqBwq^ where wq — Wq^ is the longest element of W. The roots of S with respect 
to U, i.e. the positive roots for U, are the negative roots for U. The simple roots for U 
are ~a for a G A. 

For a G A let Ga C G be the subgroup generated by the unipotent subgroups Ua and 
U-a. LetTa ■.= GanT. 

Definition 3.1. Let a G A be a simple root of S in B and let tp : T{k) — >■ G* be a 
C -character ofT{k). We denote by 

:= {a e A I ^iTa{k)) = 1} 

the set of simple roots a such that is trivial on Ta{k). 

Example 3.2. G = GL{n). Then T = S* is the diagonal group and the groups Ta for 
a G A arc the subgroups Ti <zT for 1 < i < n — \ , with coefficients Xi = x~^^ and Xj = 1 
otherwise. When k = F2 is the field with 2 elements, T{k) is the trivial group. 

Let V be an irreducible G-representation of G(fc). When P = AfA^ is a standard 
parabolic subgroup of G, we recall that the natural action of M{k) on is irreducible 

( [CE| Theorem 6.12). In particular, taking the Borel subgroup B = TU , the dimension of 
the vector space y'^C^) is 1 and the group T(fc) acts on y^C^) by a character ipv- 
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Proposition 3.3. The stabilizer in G{k) of the line F^C^) is Pv{k) where Py = MyNy 
is a standard parabolic subgroup of G associated to a subset Av C A^^, . 

Proof. [Curtisj Theorem 6.15. □ 

Corollary 3.4. The dimension of V is \ if and only if Py = G. 

Proof. If the dimension of ^ is 1, then V = y'^C') and Py ~ G. Conversely if Py = G 
the hne V^^^'^ is stable by G{k) hence is equal to the irredueible representation V . □ 

Corollary 3.5. When P ~ MN is a standard parabolic subgroup of G, the dimension of 
yN^k) equal to 1 if and only if P G Py . 

Remark 3.6. i. The group Py measures the irregularity of V. A 1-dimensional repre- 
sentation V is as little regular as possible {Py = G), and V is as regular as possible when 
Py = B. 

ii. The group Py depends on the choice of B. Two minimal parabolic fc-subgroups 
of G{k) are conjugate in G(fc) and for g € G(fc), the stabilizer of FS^C^)^"' = gV^^'''^ is 
gPyg~^. But the inclusion P C Py depends only on P because 

gB{k)g^^ C P{k) is equivalent to 5 G P{k) 

([EE] chapitre IV, §2, 2.5, Prop. 3). The inclusion Py C P depends also only on P, for 
the same reason. 

Definition 3.7. We say that 

i. V is M -regular when the stabilizer Py{k) in G{k) of the line V^'^^'^ is contained in 
P{k), 

ii. V is M-coregular when the stabilizer Py(k) in G{k) of the line V^'^^^ is contained 
in P(fc). 



We recall the classification of the G-irreducible representations V of G(fc). 

Theorem 3.8. The isomorphism class of V is characterized by ^y and Ay C A^,,. 
For each C-character ip of T{k) and each subset J C A^ there exists a C -irreducible 
representation V of G{k) such that ipy — "0, Ay = J. 

Proof. QCurtisj Theorem 5.7). □ 

Definition 3.9. (■(/;y,Ay) are called the parameters of the irreducible C -representation 
V ofG{k). 

Example 3.10. The irreducible representations V with ipy = 1 are classified by the sub- 
sets of A. They are the special representations called sometimes the generalized Steinberg 
representations. We denote by Spp the special representation V such that Ay = Aj\f 
with P = MN . The representation Spg is the trivial character and Sp^ is the Steinberg 
representation. 

For a standard parabolic subgroup P ^ MN, the irreducible G-representation 
of M{k) is associated to tpy and to Ay n Am- 

Proposition 3.11. The M -regular irreducible C -representations V of G{k) are in bijec- 
tion with the irreducible representations of M{k) by the map V ^ X^^C^) . Those repre- 
sentations V with My = M correspond to the characters of Mik). 
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Proof. For a given irreducible representation W of M[k) of parameter {ij^wT^w) with 
AvF C ^tpw n Aa/, where A^j^, C A is the set of a G A with ij^w trivial on Ta{k), 
the number of isomorphism classes of irreducible C-representations V of G{k) with V 
isomorphic to W , is equal to the number of subsets of A^,^, — (A^„, n Am)- Only one of 
them satisfies Ay C Am- There is a unique (modulo isomorphism) V with ~ if and 
only if ipw is not trivial on Ta{k), for all a G A — Aj\/. □ 

The parameters (^/ly, Ay) depend on the choice of the pair {T,U). The parameters 
{ipy, Ay) of V for the opposite pair (T, U) arc: 

Lemma 3.12. Vy = woiipv) , Ay = it;o(Ay). 

Proof. As B = woBw^^, the torus T{k) acts by the character woiipv) on the line F^^'^-' 
and Py = wqPvWq^ is the stabilizer of the line T/'^C^'. Hence the subset Ay of simple 
roots is equal to wo(Ay) C —A. □ 

The contragredient representation V* is irreducible and its parameters for the pair 
(T, U) are: 

Lemma 3.13. ipy = wo{ipv)^^ , Ay. = -wo(Ay). 

Proof. By Lemma 13-121 it is equivalent to describe the parameters {ipy* , Ay ) for the 
opposite pair (T, U). The direct decomposition V = T/^^^') © (1 — U{k))V implies 

^y*f{k) ^ (|/_ ^^)* ^ (yt^W)* . 

The group T{k) acts on the line V'^^''^ by the character Tpy and on (yt^C^))* by the 
character ipy^. Hence i/'y* = ■0y^- 

The space (l/*)'^('=) is the subspace of elements on V* vanishing on (1 — U{k))V. This 
space is stable by Afy(fc) because the direct decomposition of V for B is the same than 
for Py fRemark [3T6)) - Hence MvU C Py, equivalently -Ay C Ay. = 'u;o(Ay.). As V 
is isomorphic to the contragredient of V* and —wq is an involution on A, we have also 
the inclusion in the other direction. □ 

Remark 3.14. In general, —wo does not act by id on A (for example for G ~ GL{3)), 
hence the stabilizer Py of V'^'^'^^ in G(fc) is not the opposite of Py, the Af-regularity of 
V is not equivalent to the M-coregularity of V. The M- regularity of V is equivalent to 
the M-coregularity of V* . 

Proposition 3.15. We have the M{k)-equwariant direct decomposition: 

V = y^e^) © (i-7v(fe))y^('=) = v^^^^ © {i-T4{k))V . 

Proof. ( Ice] Theorem 6-12). □ 

Remark 3.16. The decomposition is the same for P — Py than for P = P because 
yUik) ^ yNvik) by definition de Py. 

Proposition 3.17. For g e G{k), the image of gV^'^^^ in V^j-j.^ is not if and only if 
g^P{k)Pv{k). 

Proof. It is clear that the non vanishing condition on g depends only on P(k)gPvik) and 
that the image is not when g = 1. We prove that the image of gT/'^^^' in V^^^.-) is when 
g does not belong to P{k)Pv{k). 

a) We reduce to the case where Gder is simply connected by choosing a z-extension 
defined over fc, 

1 ^ P ^ Gi ^ G ^ 1 , 
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where i? C Gi is a central induced fc-subtorus and Gi is a reductive connected fc-group 
with Gi.der simply connected. The sequence of rational points 

1 -> R{k) Gi{k) G{k) 1 

is exact. The parabolic subgroups of Gi inflated from P,P' are Pi = MiN,P[ ~ M[N' 
where 1 — >■ i? — >■ Mi M ^ 1 and 1 ^ M[ M' ^ 1 are z-extensions defined over 
k. We consider V as an irreducible representation of Gi(fc) where R{k) acts trivially. The 
image oi Gi{k) -Pi{k)_Pi{k) in G(fc) is G{k) - T{k)P'{k). For gi G Gi{k) - Ti{k)P[{k) 
of image g € G{k) — P{k)P' (k), the image of .giV^^ in V^^j.-, is if and only if the 

image of gV^ ^'^^ in V^(^.) is 0. 

b) The proposition can be reformulated in terms of Weyl groups because the equality 
depends only on the image of g in P{k)\G{k) / P' (k) = Wm\W/Wm' ■ Wc denote w a 
representative oi w & W in G{k). The proposition says that the image of wV^ ^'^^ in 
l^v^^^ is if ui G does not belong to WmWm' under the hypothesis Wv = Wm or 
Wv = Wm' or Wv C Wm n Wm' . 

c) Wc suppose that Gder is simply connected. Then wc recall that V is the restriction 
of an irreducible algebraic representation F{i') of G of highest weight v equal to a q- 
restricted character of T (?? Appendix 1.3). The stabilizer Wi, of i' in W is Wy, F{v)^ 
is the irreducible algebraic representation -F(i^) of M of highest weight and is equal to 
the sum of all weight spaces F{y)fj^ with — /i e Z<i>j\/; for w £ W, wv is a weight of 
F{v)^ if and only if w G WmWv- ( |Herzig| Lemma 2.3, and proof of lemma 2.17 in the 
split case). The space y^C^) is the restriction of F{v)^ . 

We deduce that the decomposition V = l/^'C^) © (1 - Iv (k))V , the weights of T in 
F^'C^) and the weights in (1 - 'N\k))V are distinct; the weights of V^y^j.^ and of V^^'^'^ 
are the same; the image of wV^ in 15v(fc) *-* ^^"-^ "-"^ly there exists a weight 

^ in F{v)^ such that w(a*) is a weight of F{v)^ . 

This implies that, for g G G(fc), the image of gV^^''^ in Vj^^j^^ is not if and only if 
gePik)Pvik). 

□ 

Corollary 3.18. Let P' = M' N' he another standard parabolic subgroup. The image of 
c,yA^'(fe) in IS not if and only if g e P{k)Pv{k)P'{k). 

Proof We have y^'C^) = Y.heM'ik} hV^^^'^ because the right hand side is 7V'(fc)-stable 
and V'^ is an irreducible representation of M'{k). □ 

Remark 3.19. We have TPyP' = PP' if and only if My C PP'. This is true when V 
is M-regular or M'-regular. The reverse is true when P ^ P' but not in general. The 
property My C PP' can be translated into equivalent properties in the Weyl group: 
Wv C WmWm', or in the set of simple roots: Ay C Am U Am' and any simple root in 
Ay n Am which is not in Aj\/' is orthogonal to any simple root in Ay H Aa/' which is not 
in Am- 

In our study of Hecke operators we will use the following particular case: 

Corollary 3.20. i. The restriction to y^C^) of the quotient map V — >■ V/v(fe) *s an 
isomorphism. 

ii. For g G G{k), the image ofgV'^'-''^ in Viv(fe) notO if and only if g G P{k)Pv{k)P{k). 
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4 Representations of G{F) 



4.1 Notations 

Let C be an algebraically closed field of positive characteristic p, let F be a local non 
archimedean field of finite residue field k of characteristic p and of cardinal q, of ring 
of integers op and uniformizer pp, and let G be a reductive connected group over F. 
We fix a minimal parabolic _F-subgroup B of G with unipotent radical U and maximal 
F-split F-subtorus S. The group B has the Levi decomposition B = ZU where Z is 
the G-centralizer of S. Let $(5, U) be the set of roots of S* in [/ (called positive for U) 
and A C ^{S,U) the subset of simple roots. A parabolic fc-subgroup P of G containing 
B is called standard (for [/), and has a unique Levi decomposition P ^ MN with Levi 
subgroup M containing Z (called standard), and unipotent radical N = PDU. The group 
(Af (IB) = Z{Mr\U) is a minimal parabolic F-subgroup of M and Am = An$(S', MdU) 
are the simple roots of $(5, M D U). This determines a bijection between the subsets of 
A, the standard parabolic fc-subgroups of G, and their standard Levi subgroups. 

The natural homomorphism v : S{F) — > Hom(X*(S'), Z), where X*{S) is the group 
of F-characters of 5", extends uniquely to an homomorphism v : Z{F) — > Hom(X*(S'), Q) 
with kernel the maximal compact subgroup of Z{F). For a standard Levi subgroup M, 
we denote by Z(F)+" the monoid of elements z in Z{F) which are M-positive, i.e. 

a{vz{z)) > for all a e A - Am . 

When these inequalities are strict, z is called strictly Af -positive. Analogously we define 
the monoid Z(F)~" of elements in Z{F) which are Af-negative, and the strictly M- 
negative elements. 

Let B = ZU be the opposite parabolic subgroup of B of unipotent radical U . The 
standard Levi subgroups for U and for U are the same. The roots of S* in [/ are the 
positive roots for U and the negative roots for U ; the set A of simple positive roots for U 
is the set —A of simple negative roots for U. The monoid Z{F)~^" of elements in Z{F) 
which are Af-positive for U is the set of elements in Z{F) which are Af-negative for U. 

In the building of the adjoint group Gad over F we choose a special vertex in the 
apartment attached to S and we write K for the corresponding special parahoric subgroup, 
as in |HVj 6.1. The quotient of K by its pro-p-radical K+ is the group of fc-points of a 
connected reductive fc-group Gk- The group is Gk{k). For H = B,S, U, Z, P, M, iV, 

the image in Gk{k) of H{F)r\K is the group of fc-points of a connected fc-group H^. Note 
that Bk is a minimal parabolic subgroup of Gk, Sk is a maximal fc-split torus in Bk, Zk 
being the ccntralizer of Sk in Gk, is a maximal fc-subtorus of Bk, Bk = ZkUk is a Levi 
decomposition, there is a bijection between A and the set A^ of simple roots of Sk (with 
respect to Uk), Pk is a standard parabolic subgroup of Gk, of standard Levi subgroup Mk 
and unipotent radical Nk, the set Ak,M^ of simple roots of Sk in Mk is the image of Am 
by the bijection above. We shall usually suppress the indices fc from the notation, write 
Ho = H{F) n K. With the notations of the chapter on representations of G(fc), we have 
T(fc) = Z{k). 

We now Ex V an irreducible G -representation of G{k) of parameters [ipv, Av) (Def- 
inition I3.9|) . a standard parabolic subgroup P — MN different from G and an element 
s e S{F) which is central in M{F) and strictly M-positive. 

4.2 S' is a localisation 

We see also y as a smooth G-representation of K, trivial on We apply Proposi- 
tion [23] to the group G(F), the compact subgroup K, and the closed subgroup P{F) = 
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M{F)N{F). As is a special parahoric subgroup, the Iwasawa decomposition G{F) = 
P{F)K is valid. We get a G'(F)-equivariant linear map 



(6) /o : c-Ind^^^'y ^ InA';'^^] ^ Vj, ^^k)) 

which satisfies h{bf) = S'{h)h{f) for b in 'H{G{F),K, V)J\tl c-Ind^^^' V, for an algebra 
homomorphism 

(7) S' = S'j^i^c ■■ n{G{F),K,V) ^ niMiF),Mo,VNik)) 

given by Proposition 12.31 To study the intertwiner /q, we need to know more about the 
morphism S' . We use the Satake morphism S and Proposition [HUl We denote by Sq and 
Sg the morphisms S'^ q and Sz,g in Proposition l2.4l when M = Z. We analogously define 
S'j^j and Sm with a commutative diagram : 

n{M, Mo, n{z, Zo, 

H(Af, Mo, VNik)f nz, Zo, Vuik)f- 

By Proposition 12.41 the morphism S' is injective and 

(8) S'a = S',,oS' 

because the Satake morphism S is injective [HV| and satisfies Sg = Sm ° S [HV| . 

We see ^/jy as a smooth character of Zq fLemma l3.13p . Let Zy* be the stabilizer of 
V'y. in Z{F), 

Zy, = {z e Z(i^)} I i}v,{^zxz-^) = ^v-{x) for aU a; G Zq } . 

Proposition 4.1. T/ie imoge o/ t/ie map S'g : H{G{F),K,V) 'H(Z(F), Zo, Vc/(fe)) 
egua? <oH(Z(i^)+nZy.,Zo,l^[/(fe)) . 

Proof. The image of 5g is n{Z{F)- n Zy. , Zq, [HV]. Use Proposition □ 

Analogously, the image of S'j^.j is 'H{Z{F)'^" n Zy. , Zo, V[/(fc)). 

Definition 4.2. ^ ring morphism f : A ^ B is a localisation at b £ B if f is injective, 
b G fiA) is central and invertible in B, and B ~ f{A)\b~^]. 

There exists a Hecke operator Tz central in H(Z(i^)+ nZy. , Zo, of support Zos 

such that Tz{s) = 1, because s is positive and belongs to S{F) contained in Zy. . The alge- 
bra H(Z(F)+*^ nZy.,Zo,y(7(fc)) is obtained from the algebra H(Z(F)+ n Zy. , Zq, T4/(fc)) 
by inverting the Hecke operator Tz because, for any Af-positive element z € Z{F) there 
exists a positive integer n such that s"z belongs to Z(F)+, because s e S{F) is strictly 
M-positive. 

There exists a unique Hecke operator in H(A/(F), Afo, V/v(fe)) of support Mqs with 
value idy^^j^j at s, because s is central in M[F) and contained in Zy.. 

Definition 4.3. We denote by Tm the Hecke operator in 'H{M{F), Mo,V]s[(^k-j) with sup- 
port Mqs and value idy^^j^.^ at s. 
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The Hecke operator Tm is central and invertible in (i^), Mq, VAr(fc)); it acts on 
i^m!^^ ^lv(fe) by Ta/([1, w]a/o) = s-^[1,v]m„ for v(lV. 



We also denote by Tm the G(F)-hoinoniorphisni of Indp|^j(c-Ind^^^^ ' VAr(fc)), such 



that TMif)ig) = TMifig)) for / e Ind^(;:;)(c-Ind;;^f ^ V^^k)) and .9 e G(^^) 



Using Proposition 12 . 31 we see that 

(9) SMi)=Tz, 

because {Ur\M){F)znMos = {{UnM){F)zs-^nMo)s = {UonMo)zs-'^ ii zs'^ G Zq and 
is otherwise. The Hecke operator Tm belongs to the image of S' , because Tz belongs to 
the image of Sq by construction, S' is injective and we have ([9]) , (|8]). We have shown: 

Proposition 4.4. The map S' is a localisation at Tm- 

In ([5]), we consider the map Iq as a C[T]-linear map, T acting on the left side by 
{S')~^(Tm) and on the right side by Tm- By Proposition 14. 4[ the localisation of Iq at T 
is the G{F) and ?^(M(F), Mq, y/v(fc))-equivariant map 
(10) 

e : H{M{F),Mo,V^^k))®n{G{FlK.v).S'C-^^d%'^^W ^ Ind^J^j (c-Ind*:^(^Vjv(fc)) . 

We will prove that the localisation of Iq at T is an isomorphism when V is M-coregular. 
With Proposition 14.41 this implies our main theorem : 



Theorem 4.5. Q is injective, and Q is surjective if and only if V is M-coregular. 

4.3 Decomposition of the intertwiner 

To go further, following Herzig, we write the intertwiner Iq as a composite of two G{F)- 
equivariant linear maps 



(11) c-Indg(^) Vj 



N{k) 



c-Ind^(^' V Ind^l^j {c-lndf,f ^ V^^,^) 

which we now define. In this diagram, V is the inverse image in K of P{k)] it is a parahoric 
subgroup of G{F) with an Iwahori decomposition with respect to M, 

(12) V = NoMoNo,+ , No,+ := N{F) n K+ . 
The transitivity of the compact induction implies that 

(13) c-Ind^(^) Fjv(fc) = c-Indg(^) (c-Ind^[fcj l^iv(fc) ) • 

Definition 4.6. The map ^ is the image by the compact induction functor c-Ind^^ of 



the natural embedding V — > c-Indp^^j Vjv(fc) • For v G V, £,{[1,v]k) is the function 

c-Indp^^' l^Ar(fc) of support contained in K and value [1, kvl-p at k £ K . 

The map C, sends [\,v]-p, for v €z V, to the function in Indp|pj (c-Ind^/g^'' ^^(A;)) of 

support contained in P{F)V — P(F)A^o,+ o.'i^d is the constant function with value [1,v]mo 
on iVo,-|-. 
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Remark 4.7. Later we will use that, for g G G{F), ({g ^ [1, v]-p) has support in P{F)Vg 
which contains 1 if and only if g e VP{F). Consequently, for / G c-Ind^^^'' V^(fc), the 
element C(/)(l) depends only on the restriction of / to 'PP{F). 

Lemma 4.8. /q = C ° 

Proof. This is clear on the definitions of Iq, ^, C,. □ 
Lemma 4.9. The map ^ is injective. 

Proof. As V is irreducible and V/v(fc) 0, the map V c-Indp|^ Vjv(/c) is injective. As 
the functor c-Ind^ is exact, the map ^ is injective. □ 

As P ^ G, we have 

c-Ind^^^) V ^ c-Ind^(^^ VNik) , 

hence ^ is not surjective. 



5 Hecke operators 

In this chapter we introduce Hecke operators associated to our fixed element s G S{F) 
central in M{F) and strictly M-positive, and we show the compatibility of these Hecke 
operators with the maps ^, C,*?' (sometimes we need to suppose that V is M-coregular). 

The space of G'(F)-equivariant homomorphisms from c-Ind^''^'' V to c-Indp^^-* V^r(fe) , is 
isomorphic to the space 'H(G(F), "P, K, V, V;v(fe)) of functions $ : G{F) Homc'(V', VM{k)) 
satisfying 

(i) ^{jgf) =j°^oj' for j e P,j' e K, 

(ii) $ vanishes outside finitely many double cosets VgK. 

We call $ an Hecke operator. We shall usually use the same notation for the Hecke 
operator and for the corresponding G'(-F)-equivariant homomorphism, defined by: for all 

(14) [IMk^ 9'\^M9){v)]v ■ 

g(ir\G(F) 

The map ^ corresponds to the Hecke operator of support K and value at 1 the projection 
v^v:V^ VN{k)- 

In the same way, the space of G(F)-equivariant homomorphisms c-Ind^''^'' V/v(/c) ^ 
c-Ind^^^^ V, corresponds to a space ?^(G(i^), K, PV/v(fe) , V) of functions G{F) — > Homc(V/v(fc) 



5.1 Definition of Hecke operators 

Definition 5.1. We denote by Tq the Hecke operator in 'H{G{F), K,V) with support 
KsK such that Tg{s) G Endc(V^) is the natural projector of image y^C^), factorizing by 
the quotient map V — s- V7v(/£) f Proposition 13.15]) . 

This Hecke operator exists ( |HV| 7.3 Lemma 1), because s € S{F) is positive and 
belongs to Zy*. The Hecke operator Tm could have been defined in the same way as Tq. 
We shall prove later that S'{Tc) = Tm when V is A/-coregular. 

We define now Hecke operators T-p in ■H{G{F),P, V/v(fc)) and Tn^-p in H{G{F), K, P, VN(k) , 
generalizing the Hecke operators Tq and Tm- 
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Proposition 5.2. (i) There exists a unique Hecke operator T-p in 'H{G{F),'P,VN(^k)) 
with support VsV and value at s the identity of V/v(fc) • 

(ii) There exists a unique Hecke operator Tk.v in 'H{G{F)^K,'P,Vi^(^k)^y) with sup- 
port KsV such that Tk.v{s) '■ VNik) -^V is given by the isomorphism ip : VAr(fc) — > y-'^C^) 
deduced from Proposition \3.15l 

Proof, (i) By the condition (i) for Hecke operators, it suffices to check that for h, h' G V, 
the relation hs — sh' implies that the actions of h and of h' on V/v(fe) ^-rc the same. By 
the Iwahori decomposition ([T2|) oi V, we have 

(15) sPs~^ = sNoMoNq+s"^ = sNos~HlasNo+s~^ 

as s is central in M{F), and h and h' have the same component in Mq. 

(ii) It suffices to check that for h G K, h' G V, the relation hs = sh' implies that 
h'{ip{v)) = (p{h{v)) for all i; G As s is central in M{F) and strictly A/-positive we have 

(16) sVs-^ C Nq+Mqs'No+s-^ and A' n s-Ps^^ C Nq+MoNq. 

The elements h G Nq+AIoNq and h' have the same component in Mq. □ 



5.2 Compatibilities between Hecke operators 

In this section, we prove the following result: 
Proposition 5.3. i. The left diagram 



(17) c-Ind^(^)F ^ c-Ind^(^V, 



N{k) 



Tg 



c-Ind^^^^ V 



Tk. 



c-Indp^^^ VNt^k) 



c-Ind-T,^ Vj 



N{k) 



is commutative; the right diagram is commutative when V is M-coregular. 
ii. The diagram 



c-Indp^ 'VN(k) 



T-p 



Indp^^)' (c-Ind^^^^ 'VN(k)) 



Tm 



c-Ind^^-^^ V, 



Af(fc) 



lndp[p] (c-Ind^J^^^' VN(k)) 



is commutative. 

Hi. S'{Tg) = Tm when V is M-coregular. 

By (|14p . the G(F)-homomorphisms corresponding to £,,Tg,T-p and Tk,v, satisfy: for 

vev, 

gev\K 

Tg: [1,v]k^ 9''[^,TGig)iv)]K , 

geK\KsK 

Tv. [l^v^ 9~^[^.Tv{g){v)]v , 

g^vypsv 

Tk,v [l,v]v ^ Y 9~^[^,TK,v{g){v)]K ■ 

geK\KsV 
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The formula for T-p and for Tk.v simplify, using (jl2p : 

(18) VsV = Vs7ia+ and KsV = A"slVo+ , 

and, for g in s-/Vo+, we have T'p{g){v) = tJ and TK,v{g)^) ~ by the property (i) of 
the Hecke operators, because this is true for g = s and A^o+ acts trivially on Vjsi^k)- 

The formula for Tq also simplifies: clearly the surjective map h t-^ sh : K ^ sK 
induces a bijection 

{K n s-'^Ks)\K K\KsK . 

We remark that K n s~^Ks is contained in V ( |HV| 6.13 Proposition) and that the 
inclusion A^o+ C V induces a bijection 

s-^Nos\No.,+ {K n s-^Ks)\P . 

This is a consequence of the Iwahori decomposition ([T^ and of the fact that s is strictly 
M-positivc. The group Afo,+ acts trivially on V and Tg(s)(w) = '^{v) for i> G 1^. 

We deduce that: 

(19) Tv:[lMv^ n-^s-\l,v]v. 

ries-ilVo+is\lVo+ 

(20) TK,v-[hv]v^ n-'s-'[l,if{v)]K , 

(21) Tg: [1,v]k^ Y E n-is-i[l,^(H]if . 

T-p{[l,v]-p) is the fimction in c-Ind^'"^'' Vjv(fc) of support T^sT^ equal to v on sNq^, 
Tk.'p{[^,v]'p) is the function in c-Ind^''^'' V of support A'sT' equal to tp{v) on sAfo+- 
Tg{[1, v]k) is the function in c-Ind^^^^ V of support contained in KsK equal to Lpihv) 
on sh for all h Q K. 

We see on these formula that the left diagram in i is commutative : 

(22) Tg = Tk,v o ^ . 

When V lies in y^C^), ip disappears from the formula of Tk,v{[^^v]v), because Lp{v) = 
z;, hence: 

(23) TkA[^Mv)= n-^s-\l,v]K. 

Remark 5.4. When v e V'^'^''^ and g G G{k) we have gv if and only if 5 G P{k)Pv{k) 
(Corollary [3201) • We have P(fc)Pv(fc) = M{k)Pv{k). The inverse image in K of Py(A:) 
is a parahoric subgroup Vv acting on T/^^'^) by a character that we still denote Vy- For 
h G Pv{k) we have /ii; = ijjy{h)v and <p(/iw) = ipy{h)v. In the formula for ^([1,u]_r-) or 
Pclil, ), we can replace the sum over VXK by a sum over V D Vv\Pv, and we obtain 
for V G y^^''' : 

(24) mMK)= Y ^v{h)h-'[l,v]v , 

(25) Tg{[1,v]k)= Y ^vih)h~' Y n-\s-'[l,v]K . 
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Under the restriction that V is A'/-coregular and when v € V^^'^\ the image of hV^'^''^ 
in y/v(fe) is when h £ K docs not belong to VP fCorollarv l3.20p . This vanishing simphfies 
the formula of ^([1, uj/f) and of Tg([1, because the sum on h in V\K can be replaced 
by a sum on n in Nq,^\Nq] for Tq the two sums unite in a sum on s"^ N os\N q] moreover 
using that iVo acts trivially on V , when v lies in l/^C"' we have nv = v = hence 
under our hypothesis on (w, V) : 

Tc{[1,v]k) is the function in c-Ind^ V of support contained in KsNq equal to v on 

(26) C([1,«]k)= E ""'[I'^b' 

(27) Tg([1,«]k)= E . 

rres~ilVos\lVo 

(28) 

(CorK,p)([l,tJ]p)= E rT-ifi-i n-'[l,v]v= E ^-'s-i[l,iJ)]p 

ries-ilVos\lVo+ ri'elVo+\lVo nG slVo+ s - 1 \lVo+ 

Comparing (fT9|) and (fSHj) we see that : 

(29) = e o Tk,p . 

When V is Af-coregular, the right diagram in i is commutative. 

Remark 5.5. When v e V^'-'''^ and F is M -coregular, we compute easily: 

(TpoO([1,«]k)= E E n'-h-'[l,v]v ^ E 

{TK.,vomhv]K)= E E n~^s-^[i,v]K= E "-^5-^1,^]/^, 

rlelVo+VlVo ries-ilVos\lVo+ nes-ilVo+s\lVo 



We consider now the diagram ii. with C, without restriction on V. We have 
(30) (oTv^TmoC 
because : 

(Tm ° C)([lj^]p) is the function /- of support P-/Vo+ and constant on Afo+ with value 
s~^[1,v]moi because ('([Ij^'It') is the function fy of support PiVo+ and constant on iVo+ 
with value [l,tJ]j\/o, and Tm([1,w]a/o) = s~'^[^,v]mo- 

By m, iC oTrm,v]v) = Ej,es^mo^s\No+^~'-^''C{[l_Mv)- Hence (CoTp)([l,tJ]p) 
is also the function of support PNq^ and constant on Afo+ with value s~^[l, w]a/„. 

Proof of iii. We proved that ^ o T-p K = when V is M-coregular. As in general 
T'P,K ° C = one deduces ^ o = T-p o ^. As we always have C o T-p = Tm ° Ci we obtain 
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i.e. Iq o To = Tm ° Iq. This imphes S'{Tg) = Tm- 
This ends the proof of Proposition 15. 31 



We can have S'{Tg) — Tm even when the representation V is not A/-corcgular. The 
trivial representation V is never M-corcgular because M ^ G. 

Remark 5.6. For any choice of s G ]^-[{F) strictly M -positive we have S'(Tq) ~ T^, 
when G = GL(2,F), B = P = MN the upper triangular subgroup, M the diagonal 
subgroup, K = GL{2,op) and V the trivial representation of GL{2,k). 

Proof. For t G M{F), the value of S'{1ksk) at t is the image in G of the integer 

ns{t) := \{b e F/of \ Ubt in KsK}\ , ni, := J 

The integer ns{t) depends only on sMq. Wc claim that ns{s) = 1 and ns{t) = modulo p 
for t not in sMq; this implies S'{Tg) = Tm- It suffices to check that the claim is true for 
Sp with 

PF 
1 

and n > 1, because s belongs to U„>iZ(G)A/oSp where Z{G) is the center of G{F). 

It is well known that the double coset KspK is a disjoint union of the p + 1 cosets 

Ksp and K ^ ^ ^ for a in system of representatives of of/pfofi and more generally 

KSpK is a disjoint imion of the cosets K ^ for a G of/p^f'^f and for u,r G N 

with u + r = n. It is more convenient to write 

P^F a\ ... (p^'p 

for c = ap'p^ G p^ op j op. 

As nftt and the representatives n^Sp^.i- of the cosets K\KspK all belong to B{F), n^n (t) 
is also the number of 5 G F/op such that n^t G Uc,u,r.Wo^o"-cSp"''-- Hence ns^{t) 7^ is 
equivalent to t G AloSpu.r and in this case 

ns^{t) = Us^isp^.r) = \pp''of/op\ = 

is equal to 1 if t G M^Sp and is divisible by p otherwise. □ 

6 Main theorem 

The main theorem is a corollary of the following proposition : 

Proposition 6.1. The map ^ is infective; when V is M-coregular, the image ofS, contains 
Tp(c-Ind^(''Vjv(fe)). 

The kernel of the map ^ is the T^ -torsion part 0/ c-Indp*"^^ ^Ar(fe) and the represen- 
tation c-Indp|^j (c-Indj[j^^^^ ^jv(fc)) generated by 

{Tm'' for all n G Z 

for any fixed non-zero element v G Viv(fc) • 
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For the map ^, the proposition fohows from fLemma 14. 9p and ((29)) . The next three 
lemma will be used in the proof for the map C- 

Lemma 6.2. The map is injective on the set of functions f £ c-Ind^ VN{k) with 
support in VZ{F)^'^^ K . 

Proof. Let / such that ((/) = with support in 'PZ{F)+K. We claim that / = on 
VPiF). This implies that / = because G{F) ^ P{F)K and for fc e if the function fc-^/ 
satisfies the same conditions as /. To prove the claim, we use only that C(/)(l) = in 
c-IndjJJ^''^' ^Ar(fc)- As C(/)(l) depends only on the restriction of / to VP{F), we assume as 
we may. that the support of / is contained in VP{F). The support of / is a finite disjoint 
union of Vz^h for G Z{F)+ and h e K, with z^k, e VP{F). Wc have VPi^F) = 
Nf)^+P{F) hence ki e z^^No^+ZiP{F). As Zi is positive, z~^No^+Zi C ^^0,+- This implies 
that we can suppose ki G P{F) fl K. As P{F) n K = NqMq and Zi is positive, we can 
suppose ki e Mq. We proved that the support of / is a finite disjoint union of Vziki for 
Zi € Z[F)+ and h G Mq. Taking the intersection with M{F), the sets M{F) n Vzih are 
also disjoint. Writing 

i 

we have C(/)(l) = Si('^i^i)~"'^[l;^j]A-foi ^-^d C(/)(l) = is equivalent to = for all i. 

□ 

Lemma 6.3. (i) A basis of the open compact subsets of the compact space P{F)\G{F) 
IS given by the G{F) -translates of P{F)\P{F)No^+s'\ for all n G N. 

(ii) For any subset X C G{F) with finite image in P\G{F) there exists a large integer 
n G N such that s"X C rZ{F)+^K. 

Proof. Sec Herzig |Herzig| Lemma 2.20. 

(i) The compact space P{F)\G{F) is the miion of the right G(i^)-translates of the big 
cell P{F)\P{F)N{F) which is open, the s^"iVo^_|-s" for n G N form a decreasing sequence 
of open subgroups oi N{F) converging to 1. 

(ii) Let M be the normalizcr of S in G and let B be the inverse image of B{k) in 
K (an Iwahori subgroup). Then {G{F), B,N'{F)) is a generalized Tits system |HV] . We 
have: 

a) G{F) = BN'{F)B, 

b) for u G J^{F) there a finite subset X^, in ^f{F) such that, for all z^' G JV{F), we 
have 

v'Bv C Uxex^Biy'xB . 

c) As the parahoric group K is special, for any i/ G Af{F) there exists z G Z{F) such 
that i/K = zK because K contains representatives of the Weyl group. 

We deduce from a) and c) that G{F) ~ BZ{F)K. Wc write, as wc may, X as a finite 
union X = iJiVziki with Zi G Z{F),ki G K. We deduce from b) that, for any index i, 
there are finitely many ni,j G Af{F) such that zBzi C UjBzriijB for all z G Z{F). It 
follows that 

zVziki C PozNo^+Ziki C UjVzuijK 

as A''o,+ C B. We choose Zij G Z{F) such that ZijK = UijK, as we may by c). There 
exists'?! G N such that s"zij G Z{F)+^' for all i,j. Hence s"X C Uj7's"z,,jif C 
VZ{F)+^'K. 

□ 

Let (T be a smooth C-representation of M(F). For any non-zero y E a, there ex- 
ists a function fy G Indp|^| cr of support P(F)Nq^^ and value y on Afo+ because the 
multiplication P{F) x iVg^ P(F)A^o.+ is an homeomorphism. 
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Lemma 6.4. Let a be a smooth C -representation of M{F) generated by an element 
X. Then the representation Indp|^j a is generated by the functions fs-nx of support 
P{F)No,-f- and value s~"x on Nq^, for all n G Z . 

Proof. By Lcmma l6.3[ we reduce to show that any function fn,mx S I^dpl^j a of support 
contained in P(F)7Vo,+s" equal to mx on A^o+s"j for n G N and m S M{F), is contained in 
the subrepresentation generated by fs-^x for r G Z. The function m~^fn^mx has support 
in P{F)\P{F)No+s'^ and value s~"a; on the compact open subset m~^s~"iVo+s"m of 
N{F)] this set is a finite disjoint union of s~" Nq+s"' n with n € N{F) and n' e N. For 
a non-zero y £ cr, the function (s" n)~^fy £ Indp^pj cr has support P{F)No+s^^ n and 
value s^"'y on s^"' Nq+s" n. The sum of (s" n)^^/^„'_„^. is equal to m^^fn,mx- □ 

To analyse the image of ^, we take in Lemma [6.4l thc representation a = c-Indj)^^^^' VN'(k) 
generated by a; = [1, wJa/q, for any non-zero fixed v £ V^rffe), and we note that for n G Z, 
by definition 1431 and 11^61 

(ri>oC)([i,%) = 

We obtain that the representation Indp^^j (c-Indj^j^ VN(^k) ) is generated by the elements 
(ri^oC)([l,%)) forallneZ . 

We consider now an element / in the kernel of C. The function / vanishes outside 
of a compact set X of finite image in 'P\G{F). We choose the integer n 6 N such that 
s"X C rZ{F)+K (Lemma ESI ii). The support of is Vs'^P by ^ and the positivity 
of s. The support of T^{f) is contained in Vs'^X hence in VZ{F)^K . By Lemma W% we 
conclude that T^{f) — 0. This ends the proof of Proposition 16. II 

Corollary 6.5. The kernel of = C,o^ is the space of T^ -torsion elements in c-Ind^^ V 
identified via £^ to a subspace of c-Ind^'^' c-Indp|^j ^Ar(fc) • 

In the diagram pT|) the representations are C[T]-modules, where T acts as on the 
middle space by Tk,-p, on the right space by Tm and on the left space by {S')^^{Tm)- 
Proposition 15.31 tells us that: 

The map C is C[r]-linear. 

When V is M-coregular, the map ^ is C[r]-linear and {S')-\Tm) = Tg- 

Corollary 6.6. i. The T -localisation C,t of C, is an isomorphism. 

a. When V is M-coregular, the T -localisation of ^ is an isomorphism. 

The map 9 is the T- localisation of /q = C ° ^- By i., the map 6 = Ct o is an 
isomorphism if and only if is an isomorphism. The map Q is always injectivc (as ^ is 
injectivc) and is surjective if and only if is surjective. 

Wc prove now the converse of Corollary 16.61 ii. 

Proposition 6.7. When is surjective, V is M-coregular. 

Proof. 1) Set TG :— S' ^{Tm). Par definition, Iqotg = Tm o /q, hence 

As the localisation T of C is injectivc, £,o tq = T-p o ^ modulo r.^-torsion. 

2) The surjectivity of means that for all / G c-Ind^ Vj\i(^k) there exists an n G N 
such that Tp(/) belongs in the image of ^ (one can change n by any n' > n). As the 
representation is generated by [1, x]-p for x G VAr(fe), the hypothesis is that exists an n G N 
such that Tp([l, x]-p) belongs in the image of ^ for all x G Vjv(fc). The Hccke operator Tp 
is analogous to the Hccke operator T-p but associated to s" instead of s. Replacing s by s" 
we can work under the hypothesis: T-p([l, x]-p) belongs in the image of ^ for all x G V^rffe) . 
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3) The support of rp([l, a;]^) is contained in VsV = VsNq+ and if 
(31) Tp([l,x]p)=e(/) 

for some / £ c-Ind^^^^ V , the support of / must be contained in KsV = KsNq+. Writing 
KsV as a disjoint union of coscts Ksrii with G A^o+, and / = ^^{sni)^'^[l,Vi\K for a 
choice of non-zero vi G V and a finite set of indices i. The equahty pip means that, for 
each index i, Vi satisfies the two conditions a) and b): for any k in K, 

a) if ksHi £ VsV, i.e. ksui = hsn with h gV and n G No+, then kvi = hx, 

b) if fcsn, ^ T'sT' then Iw^ = 0. 

4) We show that the condition a) imphes that Vi = f{x) where (p{x) £ ^/^C^) Hfts x. 
We have k = hsnn~^ and sml~^s~^ S N{F)nK = Nq, hence h G VNq. Conversely 

li k = hv with h £ V and G A^Qj then /csrli = hss~^vsni and s^^i^s G Afo+ because s is 
strictly il/-positive. The condition a) means that for any h £ V and any u G A^o wc have 
hiyvi = hx. As h € V we have hi^Vi = hvvi and the condition a) is equivalent to TTvl = x 
for all V G iVo- Writing = '/'(a;) + Wi, the iV(fc)-submodule of 1/ generated by Wi is 
contained in the kernel of w M> U. If 7^ then M^^^^' ^ and we get a contradiction. 
Hence W = Q and Vi = (p{x). 

5) We interpret now the condition b) which says that if k does not belong to VNq, 
then k(p{x) = 0, and this for aU x G VAr(fe). Hence the image of gV^'^'^^ in V/v(/c) is for 
all g not belonging to P{k)N{k). By Corollarv 13.201 this implies 

P{k)Pv{k)P{k) C P(k)N{k) 

hence the M-coregularity of V by Corollary 13.191 □ 

This ends the proof of our main theorem (Theorem 14. 5p . 

Remark 6.8. When V has dimension 1 and is given by a character e oi K , the map 9 is 
not surjective because V is not M-coregular as Py = G ^ P. If there exists a character e^/ 
of M{F) equal to e on Mq (such a character cm does not always exist), one can consider 
the composite of Iq with the surjective natural map 

V ■ Indp^^^(c-Indj,^^^ e) Indp^j^,^ en ■ 

In the case where e extends to a character ec of G{F), the image of i/j o Iq is the subrep- 

C( F^ 

resentation ec of dimension 1 of Indp^^^ em- The map 1/' o is also non surjective. 

But in the case where e does not extend to a character eg of G{F), the map tp o Q 
can be surjective. For example, o O is surjective when Indp^^j ea/ is irreducible. This is 
the case, for any choice of cm, when G ~ U(2, 1) with respect to an unramified quadratic 
extension of i^, i? is a Borel subgroup and K is a special non hyperspecial parahoric 
subgroup |Ramlaj : this is also the case when G(F) = GL{2,D) with a quaternion skew 
field over F, B is the upper triangular subgroup and K = GL{2, Go) |Ly| . 

7 Supersingular representations of G{F) 

We introduce first the notion of if-supersingularity for an irreducible smooth representa- 
tion TT of G{F). Then we recall the notion of supercuspidality. We expect that supercus- 
pidality is equivalent to A'-supersingularity, at least for admissible representations. We 
will give some partial results in this direction. Finally, when tt is admissible we give an 
equivalent definition of ii'-supersingularity which coincides with the definition given by 
Herzig and Abe when G is i^-split, K is hyperspecial and the characteristic of is 0. 
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Let TT be an irreducible smooth C-representation of G{F). For any smooth irreducible 
C-representation y of i^, we consider 

Iloina(F) (c-Ind^^^^ V, tt) 
as a right module for the Hecke algebra 7i{G{F), K, V). 

Remark 7.1. The representation t:\k contains an irreducible subrepresentation V, i.e. 
by adjunction and the irreducibility of tt, 

HomG(F)(c-Ind^^-^) V,Tr)j^O, 

because a non-zero element v £ tt being fixed by an open subgroup of K , generates a K- 
stable subspace of finite dimension, and any finite dimensional smooth C-represcntation 
of K contains an irreducible subrepresentation. 

We recall some elementary facts on localisation. 

Let / : A — )> _B be an injectivc ring morphism which is a localisation at 6 £ f{A) 
central and invcrtible in S = f{A)[b-^] fPef. |4?2)) . 

A right S-module V considered as a right A-module via /, is called the restriction 
of V. An homomorphism tp of right B-modules considered as an homomorphism of right 
A-modules is called the restriction of (p. 

A right A-module V induces a right S-module V <E)aj B, called the localisation of 
V at b. An homomorphism ip of right A-modules induces an homomorphism id of 
S-modules called the localisation of ip at b. 

A right A-module where the action of f~^{b) is invertible is canonically a right B- 
module and the homomorphisms Homyi(V, V) and Homs(V, V) are the same for such 
A-modules V and V'. 

Lemma 7.2. The restriction and the localisation at b are equivalence of categories, inverse 
to each other, between the category of right B-modules and the category of right A-modules 
where the action of f^^{b) is invertible. 

Proof. Clear. □ 

We consider now the localisation 

S' = S'm,g ■■ nG{F), K, V) -> n{M{F),Mo, Fjv(,)) 

at Tm (Proposition 14. 4p. 

By ThcorcmlMl the locahsation of the left U{G{F),K, y)-module c-Ind^^^^ V at Tm 
is isomorphic to Indp|^j (c-Ind^^^^^-* Viv(fe)) when V is Af-coregular. 

Definition 7.3. An irreducible smooth C-representation tt ofG{F) is called K -super singular 
when the localisations of the right 'H{G{F), K,V)-module 

llomG(F) (c-Ind^'^^ V, tt) 

at Tm are 0, for all irreducible smooth C -representations V of K and all standard Levi 
subgroup M ^ G. 

For a given M, the condition means that, for any non-zero / S Hom(3( p-^ (c-Ind^ V, tt) 
there exists n S N such that S'~^ {T"j){f) = 0. The condition does not depend on the 
choice of Tm, as it is equivalent to : 

H(Af(F),Afo,1^jv(fe))®«(G(i=^),K,y),5'HomG(j.)(c-Ind^(^V , tt) = . 
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Definition 7.4. An irreducible smooth C -representation tt of G{F) is called supercus- 
pidal, if TT is not isomorphic to a subquotient of c-Indp|^j r for irreducible smooth C- 
representation r of M{F) where M ^ G. 

The definition docs not depend on tlie minimal parabolic i^-subgroup B of G used to 
define the standard parabolic subgroups, as all such B's are conjugate in G{F). 

Let V be an irreducible smooth C-representation of K and let cr be a smooth G- 
representation of M{F) for some standard Levi subgroup M ^ G. Our first result concerns 
the Tflz-localisation of the right T-L{G{F), K, y)-module 

HomG(i?) (c-Ind^^^^ V, Indp[^] a) . 

Proposition 7.5. i. V C (IndpJ^j cr)\K if and only ifVM(k) C cr|A/o- 

ii. In this case, the action of S'~^{Tm) on Homg(_F) (c-Ind^''^'' y,Indp|pj cr) is invert- 
ible. 

Proof. I follows from the Frobenius adjunction isomorphism 

Hom_R-(y, Indfjj cr) -)■ HomMo {VN(k) , ct) . 

ii follows from Proposition l2.1l □ 

Our results on the comparison between X-supersingular and supercuspidal irreducible 
smooth C-representations of G{F) are : 

Theorem 7.6. Let M ^ G be a standard Levi F-subgroup and let t be an irreducible 
smooth G -representation of M{F). 

i. An irreducible subrepresentation of Indp^^j r is not K -super singular . 

ii. An admissible irreducible quotient o/Indp^pjr is not K- super singular. 

Hi. An admissible irreducible smooth G -representation tt of G{F) such that the local- 
isation of the right 'H{G{F), K, V)-module 

HomG(j^) (c-Ind^'^^ V, tt) 

at Tm is not for some L-coregular irreducible subrepresentation V of tt\k and some 
standard Levi subgroup M d L ^ G, is not supercuspidal. 

Proof, i. The last proposition implies that an irreducible subrepresentation of Indp^pj r 
is not /C-supersingular. 

ii. Let TT be an irreducible quotient of Indp^pj r. We choose an irreducible smooth 
C-representation W of Mq such that the irreducible representation r is a quotient of 
c-lnd^j^^'' W . Then tt is a quotient of Indp|p| (c-Ind^j^^^^ M^). We consider the unique 
irreducible A/-coregular representation V of G{k) such that VAr(fc) — W (Proposition 
13. lip . By our main theorem (Theorem 14. 5p : 

Ind^j;;;{(c-Ind;;^[^jn^ W^) ~ H{M{F),Mo,Vn^,^) ®niGiF),K,v)^s' c-Indg^^^ V . 
we deduce: 

HomG(F)(H(A/(^^),Mo,F^(fc)) ®niGiF),K,v),s' c-lndf"^^ V , n) ^ . 
Claim: If tt is admissible, this implies 
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Hence tt is not ii'-supersingular. The claim follows from elementary algebra and will be 
proved later 17.71 

iii. The localisation of Hom(3(^)(c-Indj^ V,tt) at Tl is not because the locali- 

sation of Hom(3(^)(c-Ind^ V,Tr) at Tm is not 0, by transitivity of the localisation: the 
localisation at Tm is equal to the localisation at Tm of the localisation at T^. Equivalently 

Hi.y.TT H(L(F),io, V^'(fc)) '»H{G{F)j<y),s'^ ^ HomG(F) (c-Ind^^ V,n) 

is not because T-Lm^.tt ^ 0. This follows from the transitivity relation 

'HMy.TT = 'H{M{F), Mo,VN(^k)) ®H(L(F),Lo,Vfjnt^-^),s'^, ,^ ^A/.y.TT 

which is deduced from the transitivity S'm g ^ l ° ^'l g- 
The non-zero space 

ilomG(F) (c-Ind^^^^ V, tt) 

contains a simple right 'H{G{F), K, F)-submodule M because tt is admissible. 
The irreducible representation tt is a quotient of 

(32) ^f®niG(F).KV)C-lnd%^^W 

As V is L-coregular, TV is the restriction of a simple 'H{L{F), Lq, y;v'(fc))-inodule, still 
denoted by J\f, and the representation ([5^ is isomorphic to 

(33) A/'®-H(L(F),Lo,v„,(„) Ind^[^5(c-Ind^f ' V^v-ffe)) 

by Theorem 14.51 This last representation is isomorphic to Indg|^j a where 

(34) a:=JV ®w(l(f),Lo,v„,(„) c-Ind^^^ VN'^k) ■ 

is a smooth representation of L{F). The center of L{F) embeds naturally in the cen- 
ter of the Hecke algebra H(L(F), Lq, ^jv'(fc)) ^^nd acts by a character on the simple 
'H{L{F),Lo, Vjv'(fe))-module A/" |VigD| . Hence a has a central character. 

G( F) 

The admissible irreducible representation tt is a quotient of Indg^^,^ a where a has a 

central character. By Proposition [7jHl below, tt is a quotient of Indgj^j r for an admissible 
irreducible smooth C-representation r of L{F). As Q ^ G, the representation tt is not 
supercuspidal. 

□ 

Remark 7.7. Proof of the claim. 

Proof We denote A = niG{F), K,V),T = Tm e A, B = A[T-^],X ^ c-Ind^^^^ V. We 
suppose 

HomG(B (E)AX,Tr)^0 , 

and we want to prove that B ®)a HomG(A", tt) ^ provided that HomG(A, tt) is finite 
dimensional (which is the case if tt is admissible). 
We consider the natural linear map 

r : HomG(-B (g)^ X, tt) HomG(A, tt) , if >—> {x i-^ ip{l ®) x)) . 

The space HorndB 0a X,tt) is naturally a right _B-module hence a right A- module by 
restriction. The map r is ^-linear : 

r{ipa)(x) = (<(5a)(l (g) x) ~ ip{a (X) x) = ip{l (® ax) = r{ip)(ax) = (r{ip)a){x) , 
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ioi a ^ A,x ^ X,ifi G HomG(i? ®a X,tt). Consequently, the image Ini(r) is an A- 
submodule of HomG(^, tt). We remark that Tlm(r) = Im(r) because r{(p) ~ r{ipT^^)T 
for if G nomciB (E)a X, tt). 

Wc show now that our hypothesis imphes that Im(?') is not 0. Indeed, let ^ in 
HouiaiB X,Tr). There exists b € B and x € X such that ip{b (S) x) 7^ 0. Writing 
b = T-'^a with n £ N and a e ^ we get ip{T-'^a ® x) = V3T-"(1 (g) ax) 7^ so that 
r(v3r-") 0. 

We assume now that Y^otciqIX , tt) is finite dimensional. Then Im(r) is also finite dimen- 
sional then T induces an automorphism of Im(r) so that i?Cx)yiIm(r) ^ 0. The localisation 
being an exact functor, B ®a HomG'(X, tt) ^ 0. 

□ 

Proposition 7.8. Let tt be an admissible irreducible smooth C -representation of G{F) 
which is a quotient of Indp^pi^ a for a smooth C -representation a of M{F) with a central 
character. Then there exists an admissible irreducible smooth C -representation r of M{F) 
such that TT is a quotient o/Indp|^j t. 

When the characteristic of F is 0, Herzig ( |Herzig| Lemma 9.9) proved this proposition 
using the P-ordinary functor Ordp introduced by Emerton [Emerton] . His proof contains 
four steps: 

1. As (7 is locally ZA/-finite, we have 

Hom(Indp|pj cr, tt) ~ Homj\/(F) (o', OrdpTr) . 

2. As TT is admissible, OrdpTr is admissible. 

3. As OrdpTT is admissible and non-zero, it contains an admissible irreducible subrep- 
resentation r. 

4. As Ordp is the right adjoint of Indp|pj in the category of admissible representations, 
we obtain that tt is a quotient of Indp|pj t. 

The proof is valid without hypothesis on the characteristic of F : we checked carefully 
that the Emerton's proof of the steps 1, 2, 4 never uses the characteristic of F. Only the 
proof of step 3 given by Herzig has to be replaced by a characteristic-free proof. 

Lemma 7.9. An admissible smooth C -representation of G{F) contains an admissible 
irreducible subrepresentation. 

Proof. For any admissible smooth C-representation of G{F), the dimension of TT^ is 
a positive finite integer for any open pro-p-sugroup H. In a subrepresentation tti of tt 
such that the right H(G'(F), iJ, id)-module tt^ has minimal length, the subrepresentation 
generated by tt^ is irreducible. □ 

This ends the proof of Proposition 17.81 hence of the theorem. 
Remark 7.10. When tt is an admissible smooth C-representation of G, then 

HomG(f.)(c-Ind^^^^ V, tt) 

is finite dimensional hence it is or contains a simple 'H{G{F), K, y)-module. 

An irreducible smooth C-representation tt of G{F) such that Hom(3(^) (c-Ind^'-''^'' V, n) 
contains a simple T-L{G{F), K, l/)-module J\f, has a central character. This follows from: 

1. The center of H{G{F), K, V) acts on A/" by a character |VigD| .r 

2. TT is quotient of N ®-h(G(f).k.v) c-hid^^^ V. 
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We want now to show that the i^-supersingularity of an admissible irreducible repre- 
sentation of G{F) can also be defined using the characters of the center Z{G{F), K,V) 
of 'H{G{F), K,V) appearing in Hom(3(^)(c-Ind^i^^ V,Tr). 

We consider the localisation 

Z{GiF),K,V) ^ Z{M{F),Mo,VNik)) ■ 

at Tm obtained by restriction to the centers of the localisation S' at Tm (Proposition 
EM- 

Proposition 7.11. Let tt be an admissible irreducible smooth G -representation of G{F). 
The following properties are equivalent: 
i. TT is K- super singular, 

a. The localisation at Tm of any simple 'H{G{F),K,V)-submodule of 

HomG(F)(c-Ind^'^^ V, tt) 

is 0, for all standard Levi subgroups M ^ G. 

Hi. The localisation at Tm of any character of Z(G{F), K,V) contained in 

HomG(f.)(c-Ind^^^^ V, tt) 
is 0, for all standard Levi subgroups M ^ G. 

Proof. We suppose first tt only irreducible and we denote Hy HoiiiQj^p^ (c-Ind^'-''^'' V, tt) 
for simplicity; we suppose Hy ^ 0. 

We note that the locahsation of Hy at Tm as a 'H{G{F), K,V)-inodule, and as a 
Z{G{F), K,V)-uiodule, are isomorphic -Z(M(F), Mq, FAr(fe))-niodules. 

The localisation at Tm is an exact functor hence if the localisation of Hy at Tm is 0, 
the same is true for the simple ?^(G(F), F)-submodules of Hy and the characters of 
Z[G{F),K, V) contained in Hy. 

We suppose now tt admissible. Then Hy is finite dimensional and admits a finite 
Jordan-Holder filtration as a 'H{G{F), K, l/)-module (or as a Z{G{F), K, y)-module). 

The localisation of Hy at Tm is not if and only if the localisation at Tm of one of 
the simple quotients of Hy as a 'H{G{F), K, y)-modulc (or as a H{G{F), K, y)-module) 
is not 0. 

Each character of Z{G{F), K,V) appearing as a subquotient of Hy also embeds in 
Hy because Z{G{F), K,V) is a finitely generated commutative algebra over the alge- 
braically closed field C. The finite dimensional space Hy is the direct sum of its generalized 
eigenspaces (Hy)^ with eigenvalue an algebra homomorphism x ■ 2^{G{F), K,V) C. 

Hence the localisation of Hy at Tm is not if and only if the localisation at Tm of a 
character of Z{G{F), K, V) contained in Hy is not 0. 

The characters of Z{G{F), K,V) contained in Hy are the central characters of the 
simple 'H{G{F), K, y)-submodules of Hy. 

The localisation at Tm of a simple H(G(F), X, y)-submodulc is not if and only if 
the localisation at Tm of its central character is not 0. 

□ 

Herzig and Abe when G is F-split, K is hyperspecial and the characteristic of F 
is ( [Herzigl Lemma 9.9), used the property iii to define the X-supersingularity of tt 
irreducible and admissible. 
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